Introduction
Superlattices are used in modern semiconductor devices, light−emitting diodes and semiconductor lasers in particular, to modify intentionally electron, phonon and/or photon transport within their volumes. Then their expected perfor− mance may be achieved. Such superlattices are usually composed of many thin alternating layers of two different materials. Their thicknesses are much lower than their re− maining sizes. Thermal conductivity of such multi−layered structures is distinctly anisotropic. However, both their in− −plane l IP and cross−plane l CP thermal conductivity compo− nents are usually smaller than conductivities of bulk constit− uent materials, which may be mostly related to phonon reflections and/or scatterings at layer interfaces. At room temperature, heat energy may be removed from semicon− ductor volumes practically only by thermal conductance through the heat−sink, because remaining heat−extraction processes, i.e. thermal radiance as well as acceptance of thermal energy from heated surfaces by air particles, are much less effective [1] .
Designing of semiconductor devices requires appropri− ate solving of an interactions within their volumes of stre− ams of carriers, photons and phonons [1] . Phonon transport, in particular, in semiconductor devices is described by the Boltzmann transport equation [2] . Layer thicknesses and average mean phonon free paths have crucial influence on a heat−flux transmission. Let us consider a superlattice com− posed of a number of identical periods containing two alter− nating layers. For relatively thick layers, i.e., when the layer thickness is much larger than the phonon free path l, the thermal resistance of the superlattice is a simple sum of indi− vidual layer resistances and transmission resistances thro− ugh all interfaces between them. Otherwise, i.e., when the layer thickness is much smaller than l, heat−flux transport is limited by ballistic transport within each layer and the trans− mission through all interfaces between them [3] . In the pres− ent paper, an intermediate case is considered, i.e., when none of the above extreme cases may be applied. The ap− proach proposed in the recent paper of F. X. Alvarez et al. [4] is applied to this end. As an important example, the thermal resistance of the GaAs/AlAs superlattice is considered.
Thermal boundary resistance
Multiple interfaces of modern superlattice semiconductor structures may significantly reduce efficiency of the phonon transport [2, 5] , although, until very recently, this problem has not been theoretically solved in a satisfactory way [6] . In particular, heat−flux transport parallel to the interface may be distinctly different from that crossing it. For an infi− nite system of alternating two layers of thicknesses, respec− tively L 1 and L 2 and thermal conductivities l 1 and l 2 , its effective in−plane l IP and cross−plane l CP thermal conduc− tivity components may be expressed as [7] 
From any semiconductor interface, phonons may be reflected, reflected with a mode conversion (see below), refracted and refracted with a mode conversion. Therefore, interfaces result in the reduced thermal conductivities of the layer structure and amount to increased thermal resistivity of the devices. Their influence depends on phonon trans− port, i.e., on possible diffused (DM) [5] or acoustic (AM) [8] mismatch interface models. In the AM model, phonons at interfaces are assumed to maintain their wave properties although they change their direction depending on both their frequency and a difference in the acoustic properties of contacting materials. In the DM model, on the other hand, arriving phonons are assumed to thermalize during the colli− sion, changing their wave properties. Generally, the AM model is more suitable for the phonon transmission through the specular (mirror) interfaces, whereas the DM model is more adequate for more irregular surfaces. Real layered structures exhibit phonon transmission of a character lying between these two extreme cases described by the AM and the DM models [3] . In the present paper, semi−analytical expressions based on both the AM and the DM models [2, 5] are proposed to predict the thermal conductivity of the GaAs/AlAs superlattice structures at room temperature.
Let us consider a general case of the longitudinal pho− non falling at the plane interface between two media (1 and 2) at the angle q in . Assuming, after Swartz and Pohl [5] , the Snell law for phonon transmission, which is adequate for relatively low temperatures, the angle q trans of phonons transmitted through the interface may be expressed as
where c 1 and c 2 are sound velocities in the 1 st and the 2 nd media, respectively. When phonon is changing its polariza− tion [e.g., from longitudinal one into transverse one (phonon conversion)], its sound velocity should be also changed in Eq. (3). It should be also remembered, that, when c 1 > c 2 , probability of phonon transmission through the interface is always higher than zero whereas, when c 1 < c 2 , phonon transmission is possible only when sin(q in ) is lower than c 1 /c 2. The opposite case will resemble the total internal re− flection (critical angle) known in optics. Generally, for pho− non transmission through the interface between various ma− terials, possible phonon conversions may result in various values of critical angles. For relatively high temperatures close to the Debye tem− peratures Q D , the analogous to Eq. (3) relation for non−elas− tic phonon transmission through the interface has been pro− posed by Chen [3] C c C c
where C 1 and C 2 are the specific heats of the first and the second materials, respectively. In the AM model, which is more adequate for phonon transmissions through specular interfaces, the phonon transmission coefficient a A through an interface between the 1 st and the 2 nd media depends on a difference between their acoustic impedances Z 1 = q 1 c 1 and Z 2 =q 2 c 2 , where q k and c k are the density and the sound velocity in the k−th
Assuming an isotropic phonon velocity within a given medium and neglecting mode conversion during a transmis− sion through the interface, the phonon transmission coeffi− cient through the specular interface (AM model) between the i−th and j−th media may be given by [9, 10] 
where q i and q j are material densities, v i and v j are group phonon velocities and q i and q j are corresponding angles of incidence in the i−th and the j−th media, respectively. It is assumed in the model, that, for low temperatures, transmis− sion angles of incidence are related with the Snell law [Eq. (3)], whereas at room temperatures considered here Eq. (4) is more adequate. In the DM model appropriate for phonon transmission through rough interfaces, phonon transmission probability is completely independent of its direction, which means that it loses information from where it comes. Then, the analo− gous to the above phonon transmission coefficient may be at temperatures close to the Debye temperature Q D expressed as [4] 
whereas, at much lower temperatures, it is of the following form
Real phonon transmission through interfaces is between the above two extreme cases. Let us introduce the adjustable specularity parameter p Î <0,1>, where p = 1 corresponds to the purely specular transmission (AM model), whereas p = 0 -to the pure diffuse transmission (DM model). As one can see, the p parameter describes real phonon transmis− sions for interfaces partly specular and partly diffuse. The net phonon transmission probability G ij from the i−th to the j−th materials is given by [4, 11] where G A and G D are the phonon probabilities for transmis− sions from the i−th to j−th material determined with the aid of the AM and DM models, respectively. Then, an average transmission probability G for a superlattice, where phonons may cross interfaces in both directions, may be expressed as
Therefore, the phonon transport through any heterojunc− tion, being a combination of the specular and the diffuse phonon transmission, depends on its direction as a result of various thermal parameters on both heterojunction sides. Although, for the purely specular transmissions (AM model), the phonon transmissions coefficient [Eq. (6)] does not depend on a phonon direction, but, for the purely diffuse transmission (DM model), phonon transmission [Eqs. (7) and (8)] depends on various thermal parameters on both he− terojunction sides. Therefore finally, the total phonon trans− mission probability [Eq. (9)] has different values for oppo− site phonon transmissions through interfaces.
Generally, the device thermal resistance of the multi− −layered structure may be divided into two parts: the first (intrinsic resistance), connected with thermal resistances of individual layers, and the second -the thermal boundary resistance. Alvarez and Jou [12, 13] have used the extended irreversible thermodynamics (EIT) to reach an equation des− cribing the intrinsic thermal conductivity l eit of the super− lattice [12] 
where l is the bulk thermal conductivity, l stands for the averaged free phonon path and L eff is the effective length defined as the mean distance of scattered phonons. When the above free phonon path l is much shorter than the effec− tive length L eff , the size−dependent thermal conductivity l eit becomes equal to l, otherwise l eit = l(L eff /l) = l bal , which is the ballistic limit. Assuming identical thickness L lay of all the N superlattice layers, L eff may be determined in a follo− wing way
For extremely low layer transmissions (G = 0), the effec− tive length of the superlattice L eff = L 1 = L lay , so it is equal to the layer thickness, whereas for an opposite case: L eff = L N = NL lay , it is as high as the total thickness. As one can see, the specularity parameter p influences values of the phonon transmission probability G [Eq. (9) ], the effective length L eff [Eq. (12) ] and hence the intrinsic thermal conductivity l eit [Eq. (11)].
Depending on the layer thickness, the used models can be significantly different. When the period is sufficiently thick, the Fourier law can be assumed inside each layer and the thermal boundary resistance (TBR) due to a mismatch in the thermal characteristics of the different materials is added at the interfaces. When the thickness is significantly shorter than the mean free path of the phonons, ballistic limit is used inside the layer. The main difficulty arises when the thick− ness of the periods is not in one of these two extreme situa− tions. In some cases it is assumed that Fourier limit still holds, but the value of TBR is adapted to fit the expe− rimental data.
Thermal boundary resistance R TH for the transition bet− ween the first and the second medium may be expressed as [5, 14] 
where k B stands for the Boltzmann constant, T 1 is the tem− perature of the first medium at the interface, v 1 is the group phonon velocity within this medium, x D = Q D /T 1 , l 1 and l 2 are the free phonon paths in the first and the second materi− als, respectively, l 1 and l 2 are their thermal conductivities.
The GaAs/AlAs superlattice
The calculations with the aid of the Marple 13 software have been carried out for room temperatures for the GaAs/AlAs superlattices (Table 1) composed of alternating GaAs and AlAs layers of identical thicknesses and material parameters listed in Table 2 . Their superlattice parameters were identi− cal with those used by Capinski et al. [15] in their measure− ments to compare our theoretical results with experimental ones. Figure 1 presents the room−temperature phonon trans− mission coefficient a TR as a function of the phonon inci− dence angle q determined using the AM model with the aid of Eq. (6) for the GaAs/AlAs interface depending on the phonon directions, i.e., from GaAs to AlAs or from AlAs to GaAs. As one can see, considerable difference between both curves is seen for relatively large angles of phonon inci− dence, for which group phonon velocities within both mate− rials are essentially different. Therefore, for the specular transmission, which is described by the AM model, trans− mission probability through the GaAs/AlAs interface stron− gly depends on the phonon direction.
More general case is shown in Fig. 2 presenting room− −temperature phonon transmission probability G through the GaAs/AlAs interface determined with the aid of Eq. (10) as a function of the p parameter describing reflection character (see previous section). Both transmission probabilities and differences between them determined for both phonon direc− tions are the largest for the specular transmission (p = 1) and are gradually being reduced for smaller p values. Depending on the phonon direction, the transmission probability is quite different which may suggest that properties of the GaAs/ AlAs superlattice are strong function of its quality.
Thermal resistance R TH of the GaAs/AlAs interface de− termined for room temperature with the aid of Eq. (13) is plotted in Fig. 3 as a function of the p parameter. Its value calculated from the above G value is, for all values of the p parameter, equal to between 0.40 ·10 -9 m 2 K/W and 3.25 · 10 -9 m 2 K/W. Similar values of interface thermal resistances have been determined by Szymanski [10] for the GaAs/ Al 0.15 Ga 0.85 As superlattice. Those results are very close to the value of 1.4 · 10 -9 m 2 K/W determined experi− mentally by Vitiello et al. [16] .
Effective lengths L eff of the considered GaAs/AlAs superlattices determined for room temperature with the aid of Eq. (12) each p value, an approximately linear increase in the effec− tive length is seen with an increase in the superlattice period. Besides, the effective lengths are also proportional to the p parameter. Figure 5 presents comparison of measured room−tem− perature thermal conductivities l of GaAs/AlAs superlat− tices of parameters listed in Table 1 as a function of their superlattice period L SL with their theoretical estimation determined with the aid of Eq. (11) for three values of the specularity p parameter [15] . As expected, measured values lay between edge theoretical ones calculated for p = 0 (purely DM model) and p = 1 (purely AM model), just over their values determined for p = 0.5. Only for the shortest superlattice period, i.e., for L SL = 11.32 , experimental val− ues are larger than theoretical ones. It may be caused by phonon tunnelling through the interface [4] , which may be quite intense for very thin superlattice periods and which is not taken into consideration in the model. Authors of Ref.
15 describing experimental procedure confirmed high qual− ity of interfaces of their samples determined with the aid of photoluminescence measurements for L SL £ 113.2 . As one can see in Fig. 5 , for these values of the superlattice period, experimental superlattice thermal conductivities are very close to theoretical ones determined for p = 1 (AM model), i.e., for the specular (mirror) interfaces which is consistent with their high quality and confirms validity of our calculations.
Conclusions
In modern light−emitting diodes, superlattices are often used to properly direct streams of electrons, phonons and/or pho− tons within diodes volumes. However, these superlattices may also drastically influence various device properties. In particular, they have a dramatic impact on device thermal properties. Superlattice thermal resistance is anisotropic and usually distinctly higher than its values of constituent bulk materials, which is a consequence of phonon reflections and scatterings at superlattice interfaces. Therefore, this resis− tance depends to a considerable extent on a number and quality of superlattice interfaces.
In the present paper, thermal resistances of superlattices have been considered theoretically. In particular, thermal resistance of typical GaAs/AlAs superlattices has been cal− culated and compared with measured values known from literature. As one can see, the model describes properly ther− mal resistances of the GaAs/AlAs superlattices, hence it may be used in estimation of thermal resistances during designing new devices. Besides, comparing measured and theoretical thermal device resistances may be applied in practice in estimation of quality of superlattice interfaces within their volumes because the good interfaces result in lower thermal resistances than the worse ones.
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